We propose two new approaches to enhance the spectral compression process arising from nonlinear pulse propagation in an optical fibre. We numerically show that an additional sinusoidal temporal phase modulation of the pulse enables efficient reduction of the intensity level of side lobes in the spectrum. Another strategy is to select a regime of propagation in which normal group-velocity dispersion reshapes the initial stretched pulse to a near-Fourier-transform-limited rectangular waveform. Keywords: nonlinear fibre optics, spectral compression, nonlinear pulse shaping.
INTRODUCTION
The effect of self-phase modulation (SPM) on an optical pulse propagating in a nonlinear optical fibre is ordinarily associated with broadening of the pulse spectrum [1] . However, this is not always the case with chirped pulses, where pulses with an initial negative chirp (such as that imparted by an anomalously dispersive element) in the normal group-velocity dispersion (GVD) region can experience spectral narrowing [2, 3] . Indeed, as a result of SPM, the propagating pulse will have the frequencies of the leading edge downshifted and the frequencies of the trailing edge upshifted. Therefore, in the case of an initially negatively chirped pulse, both the trailing and leading edges of the pulse will experience a spectral shift in the direction of the central frequency. It is worth noting here that the anomalous GVD enhances the effect of SPM rather than compensating it. However, in general an input pulse with a negative linear chirp cannot be compressed to the Fourier transform limit, because the cancellation of linear and nonlinear phases cannot in general be made complete. In order to overcome this limitation, several strategies have been proposed and experimentally demonstrated, based on the use of complex phase modulation of the initial pulse [4] or the use of a pre-shaped input pulse profile such as a parabolic waveform [5] .
In this paper, we present two new approaches to the enhancement of the performance characteristics of the spectral compression process. First, we numerically show that an additional sinusoidal temporal phase modulation of the pulse enables efficient reduction of the intensity level of spectral side lobes. Then we show that the progressive reshaping of the initial pulse toward a rectangular waveform that results from the combination of SPM and normal GVD facilitates the full compensation of the initial chirp [6, 7] .
SPECTRAL COMPRESSION IN THE NONLINEAR REGIME
First, we briefly recall the results that can be obtained in the nonlinearity-dominant regime of propagation, in which the fibre dispersion is of little importance and, thus, can be neglected. For the purpose of illustration, at the entrance of the fibre we take a Gaussian pulse that has been temporally stretched by a factor of 20 in an anomalously dispersive linear element. We use distance and time variables normalized to L N =1/(γP 0 ) and T 0 , respectively, where P 0 and T 0 are the peak power and the characteristic temporal value of the pulse at the input to the linear element, and γ is the Kerr nonlinearity coefficient of the fibre. The narrowing of the pulse spectrum is quantified with the spectral compression factor C fwhm (C rms ) defined as the ratio of the spectral full-width at halfmaximum (FWHM) [root-mean-square (rms)] width at some distance in the fibre and the entrance of the fibre. In order to assess the quality of the spectral compression, we use the Strehl ratio S defined as the ratio of the maximum spectral brilliance of the actual pulse to the spectral brilliance obtained assuming a flat temporal phase of the pulse [5] .
The longitudinal evolution of the pulse spectrum in Fig. 1 (a) clearly shows that significant spectral compression occurs in the fibre, followed by splitting of the spectrum into an increasing number of substructures. At the propagation distance z 1 , where the linear and nonlinear phases cancel each other in the central part of the pulse, the pulse spectrum is effectively conveniently compressed, and the spectral profile does not display any oscillations [ Fig. 1(b) ]. At the distance of optimum compression in terms of Strehl ratio, z 2 , owing to interference between different pulse parts having the same instantaneous frequency, the spectrum is narrower and features an increased brightness [7] , but it suffers from residual side lobes. For further propagation in the fibre, as a result of this interference phenomenon the pulse develops strong and detrimental oscillations in the wings together with strong spectral side lobes, as it appears from the spectrum at the distance z 3 . The evolutions of parameters S and C are given in Fig. 1(c) . The moderate values of S and C rms at z 2 are a signature of the oscillatory structure of the spectrum. 
USE OF AN ADDITIONNAL PHASE MODULATION
In this section, we describe the impact of an additional phase modulation of the pulse on the spectral compression performances in the pure SPM case. We can see in Fig. 2(a) that at the propagation distance z 1 the chirp of the pulse is zero near the pulse centre. At the distance z 3 , the chirp features strong oscillations with a close-to-sinusoidal variation in the central region of the pulse. This observation forms the basis of the simple idea proposed here to offset the chirp: impart to the pulse a corrective sinusoidal temporal phase modulation with suitably chosen frequency and amplitude and opposite sign to the chirp to compensate for.
Figure 2. Impact of phase correction on the spectral pulse compression in a purely nonlinear fibre: (a) Temporal chirp profiles at: z=0 (black), z=z 1 (green), and z=z 3 before (solid red) and after (blue) phase correction. Also shown are the corrective phase modulation applied at z 3 (dashed red), and the initial temporal intensity profile; (b),(c) Spectral intensity profiles plotted on linear and logarithmic scales at: z=0 (black), z=z 1 (red), z=z 2 (green), and z=z 3 before (dashed blue) and after (solid blue) phase correction.
By use of this method, the chirp is indeed made linear and flat over most of the pulse. The resulting spectrum [ Fig. 2(b) ] highlights the significant enhancement of the spectral compression afforded by the corrective approach: most of the pulse energy is concentrated in the central lobe of the spectrum while the intensity level of the side lobes is strikingly lower, which entails a significant increase in spectral brilliance. Figure 3 summarizes the results obtained using the corrective phase modulation method. The strength of the approach increases with increasing propagation distance in the fibre beyond z 2 as the pulse chirp develops a closer-to-sinusoidal temporal variation. The compression ratio is significantly increased with this strategy both in terms of FWHM and rms widths. Remarkably, the rms compression factor and the Strehl ratio feature up to threefold and twofold increase, respectively, with respect to their maximum value in the absence of phase correction, confirming the efficient reduction of spectral wings and enhanced quality of the compression. 
EVOLUTION IN A NORMALLY DISPERSIVE FIBRE
The performance characteristics of the spectral compression process can also be enhanced by taking advantage of the progressive reshaping of the initial pulse that occurs upon propagation in a highly nonlinear fibre with normal dispersion. We have performed a detailed analysis of the spectral compression process taking into account the influence of GVD, based on numerical simulation of the nonlinear Schrödinger equation propagation model. In this context, for a given value of the initial stretching factor, finding the best system parameters results in a two-dimensional optimization problem in the plane (ξ,
/β 2 is the dispersion length (β 2 is the fibre GVD coefficient) associated with the pulse at the input to the linear element. The results obtained for an initial stretching factor of 20 are summarized in Fig. 4(a) . Optimum compression occurs at the point (ξ opt = 13.6, N opt = 4.4), and the Strehl ratio is about 0.9 at this point. The shape of the resulting spectrum [ Fig. 4(b) ] indicates that the pulse is very close to the Fouriertransform limit. The GVD significantly changes the evolution of the pulse spectrum in the fibre [ Fig. 4(c) ]: contrary to the pure SPM case [ Fig. 1(a) ], the spectrum does not split into multiple sidebands after the stage of optimum compression. The concomitant temporal dynamics are illustrated in Fig. 4(d) : the combination of SPM and GVD make the initial Gaussian pulse reshape into an almost rectangular pulse form at the point of optimum compression, while nearly complete compensation of the pulse chirp occurs. The nearly rectangular pulse shape explains the sine-cardinal-like shape of the spectrum. Figure 4 (d) also shows that the pulse acquires an almost parabolic intensity profile before the point of optimum compression (at ξ = 9). Contrary to the parabolic pulses that can be generated through progressive reshaping of initially un-chirped pulses upon nonlinear propagation in a normally dispersive fibre [8] , the pulse formed in the parameter region of optimum spectral compression features a very low chirp value over its central part. 
CONCLUSIONS
We have presented two new approaches to enhance the spectral compression of negatively chirped pulses that occurs upon nonlinear propagation in a fibre. In the purely nonlinear regime of propagation, the intensity level of the spectral side lobes can be efficiently reduced by an additional sinusoidal temporal phase modulation imparted to the pulse. Another strategy is to operate in a propagation regime in which normal dispersion reshapes the initial stretched pulse to a near-Fourier-transform-limited rectangular waveform.
